Problem 7. Let q(x) is bounded from below, i.e. there exists constant ¢ >0 such that g(x) >—

for all x, and lim I q(x)dx =9 for any @>0. Prove that for any fixed A any non-trivial

solution of the equation y"+ A—q(x) y =0 has finite number of roots at (0, ).

Solution. One can see that adding of a constant does not change the situation. Hence, it is
sufficient to consider the case q(x)>0. Let there exist A =4, >0 such that there is a solution

y=y(x) of the equation y"+ A-q(x) y=0 having infinite number of roots
a, <o, <da,<..<a, <.. Evidently that for 4=4, <0 it is not possible due to the sign of
y",y"=— 2-q(x)) y.Really, if at some root & one has Y'(cx) > 0O then for X > & one has

Y(X) > 0 and, consequently, ¥ >0 and y'> 0. Hence, there is no other roots greater than
a.

Let @ be such (small) positive number that o <

. Let us choose N so large that for x> N
Ao +1

X+w

one has j q(t)dt > (4, +1) (1).

It i possible due to the condition for q(X).

Note that the set of the solution roots has no accumulation points. Hence, we can choose n in
such a way that «, > N, and, later, choose m, m>n, such that «,-«, > . If one takes

X+Pw X+@

o, = Pw, P— positive integer, then I q(t)dt > f q(t)dt > (4, +1) .due to positivity of ( for

the same x. Hence, we can believe that «,, —«, = Po .
Let us rewrite the equation y"+ A—q(x) y=0 for 4 =/4, inthe form y"= q(x)-4, Y.

Let us multiply the both parts by y and integrate from «, to «,,. Integration by parts of the left
hand side leads to the equation

—T y'(t)  dt :Tq(t)yz(t)dt_%”f y*(B)dt. )

The first integral in the right hand side can be represented in the form

Cm p  optke
Jawyodt=>" [ amy*at.

o k=1 g +(k-1)w

The mean value theorem and (1) leads to the following inequality

o +ka

[ a@y*@dt> (4, +Dy*E)e,

oty +(k-1) @
a, +(k-Do <& <a, +ko.
Hence,

oty Ko

J Ay 0dt> 4 +DY V(G0 = (G +D [ YOl - +DY, [ y®-y(E) dt.

o k=1 g +(k-1)w
3)

One can obtain the following correlation



t t t
y2®-y*(&)|=2|[ y)yu)du|< [ y?*(@)du+ [ y'(u) *du<
S S &
on+ke on+ke
< I y2(u)du + I y'(u) “du.
Cni(k-1)w Cni(k-1)o

Hence, inequality (3) gives us

[a®y:0dt> G [ yod-(4 403 ("j wwm@m—

k=1 o + (k-1 \_cty+(k-1)w

—(4 +1)ZP: an]w ( %]w y'(u) 2du}dt:

k=l o +(k-D) o \_op+(k-Dw
= (o +D) | Y Odt- (g +Do [ yOdt- (4 +Do | v “dt.

One obtains from (2) and (4)

S YO Tdts 1-(4+Do [ yOd-(4+Do | v Yt

ie.

e

1-(h+De | y'®+ y(® " dt<o,
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But it is impossible due to the inequality (4, +Do <1.

(4)



