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max(v, qn�f(u)) min(u, qn�f(v))
f(dn) := qn � dn En
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Problem 1

Let dn be the determinant of the n ⇥ n matrix whose entries, from left to

right and then from top to bottom, are cos 1, cos 2, . . . , cosn2. (For example,

d3 =

������

cos 1 cos 2 cos 3

cos 4 cos 5 cos 6

cos 7 cos 8 cos 9

������
. The argument of cos is always in radians, not de-

grees.)

Evaluate limn!1 dn.

Solution

The limit is zero, because the determinant is zero for n � 3. Let Dn be the

matrix that we’re taking the determinant of. Let En be the matrix

En =

2

6664

ei e2i · · · ein

ei(n+1) ei(n+2) · · · e2in

.

.

.
.
.
.

. . .
.
.
.

ei(n
2�n+1) ei(n

2�n+2) · · · ein
2

3

7775
=

2

6664

1

ein

.

.

.

ei(n
2�n)

3

7775
⇥
ei e2i · · · ein

⇤

It is evident from the factorization shown that En has rank 1. So also does its

complex conjugate En have rank 1. But then Dn =
1
2En +

1
2En. The rank of a

sum of matrices is less than or equal to the sum of the ranks, so rank (Dn)  2.
Hence for n � 3, det(Dn) = 0.

Remark: The terms in the second row have the form cos(n+k). Then if the sec-

ond row is multiplied by 2 cosn, we will get 2 cosn cos(n+k) = cos(2n+k)+cos k,
which is the sum of the first row and the third row and we are done.

1
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M

M
M3

M t1, . . . , t10
P

ti = 0
P

t2i = 90
ti > 9 i

�9

X

j 6=i

t2j =
X

j 6=i

((�1� 2tj) + (tj + 1)2) > �9� 2
X

j 6=i

tj > 9,

t2i > 81
ti 6 9 i

0 >
X

i

(ti � 9)(ti + 1)2 =
X

i

t3i � 7
X

i

t2i � 17
X

i

ti � 90 =
X

i

t3i � 720,



Problem: Let                 be differentiable functions such that 
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     are differentiable, hence h is twice differentiable. We have                 
thus by Rolle’s Theorem there exists            such that          Notice that 

                   
                 

  

and also by condition            
    we have                   therefore by 

Rolle’s Theorem we can find                      such that    c)=0, that is 
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The measure 𝜇 is given and finite on [−1; 1]. Let 

𝜇̂(𝑧) = �
𝑑𝜇(𝑥)
1 − 𝑥𝑧

1

−1

, 𝑧 ∈ 𝐷 = {𝑧 ∈ ℂ: |𝑧| < 1}. 

Any complex number can be written as 𝑧 = 𝑟 ∙ 𝑒𝑖𝜑, where 𝑟 ≥ 0,𝜑 ∈ [0,2𝜋]. Prove that 

� �𝜇̂�𝑟𝑒𝑖𝜑��
𝑝
𝑑𝜑

2𝜋

0

< ∞, 𝑝 ∈ (0,1). 

Solution. Let  

�𝑑𝜇(𝑥)
1

−1

= 𝐶. 

If |𝑥| < 0,5, then |1 − 𝑥𝑧| ≥ 1 − |𝑥| ∙ |𝑧| ≥ 1 − |𝑥| ≥ 0,5. That is why 

�
𝑑𝜇(𝑥)

|1 − 𝑥𝑧|

1/2

−1/2

≤ 2𝐶.  (1)  

Next, if 𝑧 = 𝑟𝑒𝑖𝜑 ∈ 𝐷 and |𝑥| ≥ 0,5 we will have 

|1 − 𝑥𝑧| = �(1 − 𝑥𝑟 cos𝜑)2 + (𝑥𝑟 sin𝜑)2 ≥ |𝑥| ∙ 𝑟 ∙ |sin𝜑| ≥
𝑟
2
∙ |sin𝜑|. 

Therefore  

�
𝑑𝜇(𝑥)

|1 − 𝑥𝑧|

−1/2

−1

+ �
𝑑𝜇(𝑥)

|1 − 𝑥𝑧|

1

1/2

≤
2

𝑟 ∙ |sin𝜑| ∙ 𝐶 .   (2) 

From (1) and (2) it follows that 

|𝜇̂(𝑧)| ≤ �
𝑑𝜇(𝑥)

|1 − 𝑥𝑧|

1

−1

≤
4𝐶

𝑟 ∙ |sin𝜑|. 

We also know that 

sin 𝑥 ≥
2
𝜋
∙ 𝑥, 𝑥 ∈ �0,

𝜋
2
�. 

That is why 

� �𝜇̂�𝑟𝑒𝑖𝜑��
𝑝
𝑑𝜑

2𝜋

0

≤ �
4𝐶
𝑟
�
𝑝

∙ �
𝑑𝜑

|sin𝜑|𝑝

2𝜋

0

= 4 ∙ �
4𝐶
𝑟
�
𝑝

∙ �
𝑑𝜑

|sin𝜑|𝑝

𝜋
2

0

≤ 

≤ 4 ∙ �
2𝜋𝐶
𝑟
�
𝑝

∙ �
𝑑𝜑
𝜑𝑝

𝜋
2

0

= 4 ∙ �
2𝜋𝐶
𝑟
�
𝑝

∙ �
𝜑1−𝑝

1 − 𝑝
�
0

𝜋
2

=
2𝜋

1 − 𝑝
∙

(4𝐶)𝑝

𝑟𝑝
< ∞, 𝑝 ∈ (0,1).∎ 



an zn + 2z + 2 = 0
|z| 6 1 m k

an+m = an + k n

pn(z) = zn + 2z + 2
p0n(z) = nzn�1 + 2

pn(z) = p0n(z) = 0 0 = npn(z)� zp0n(z) = (2n� 2)z + 2n

↵ ↵̄ |P (↵)| =
|P (↵̄)| = 1 P (z) = 2z + 2

↵ ↵ ↵̄
(2z+2)(2/z+2) = 1 z+1/z = �7/4 z+1/z = a/2m

a m z2 + 1/z2 = (z + 1/z)2 � 2 = a2/22m � 2
22m

↵+ 1/↵ ↵2 + 1/↵2 ↵4 + 1/↵4 . . .
↵

↵ ↵̄ D+ D� D+

|P (z)| > 1 D� |P (z)| < 1
zn + P (z) D+

zn + P (z) = P (z)(1 + zn/P (z))

D+ P (z) D+

n D� zn + P (z) =
zn(1 + P (z)/zn)

✓ ·n ✓ D� ✓/⇡
↵ lim an/n

an+k = an +m n lim an/n = m/k



d4y

dx4
= y2025

ya(x)

ya(0) = 1, y0a(0) = 0, y00a(0) = a, y000a (0) = 0.

a⇤ A a 2 R ya(x)
a1 2 A a2 < a1 a2 2 A

⇠(a) x > 0 ya(x) = 0.
⇠ (�1; a⇤) y0a(⇠(a)) 6= 0

a < a⇤ ya(⇠(a)) = y0a(⇠(a)) = 0 y000a (⇠(a)) =

y000a (0) +
R ⇠(a)

0 y(s)2025ds > 0 y00a(⇠(a)) > 0. y00a(⇠(a)) < 0, ya(x) < 0
x 2 (0; ⇠(a)), ⇠(a) y00a(⇠(a)) � 0,

a
y0, y00, y000 a = a⇤

⇠(a) y00a(⇠(a)) a < 0
a 2 A a⇤. b 2 A

y00b (⇠(b)) = 0.
x 7! �x y 7! �y

x yb [0; ⇠(b)]
[�⇠(b); 0] [⇠(b); 2⇠(b)]

(⇠(b), 0)


